On primitive sets of loops in the boundary of a handlebody  by Gordon, C.McA.
Topology and its Applications 27 (1987) 285-299 
North-Holland 
285 
ON PRIMITIVE SETS OF LOOPS 
IN THE BOUNDARY OF A HANDLEBODY 
C.McA. GORDON* 
Department of Mathematics, University of Texas, Austin, TX 78712, USA 
Received 4 August 1986 
Revised 8 December 1986 
A set V of disjoint simple loops in the boundary of a handlebody X is primitive (that is, 
geometrically dual to the boundaries of disjoint disks in X) if and only if adding 2-handles to X 
along any subset of % yields a handlebody. Also, a set V of n + 1 disjoint simple loops in the 
boundary of a handlebody X of genus n is standard, in the sense that the loops cobound a planar 
surface P in ?tX such that (X, P) = (P x I, P x {0}), if and only if adding 2-handles to X along 
any proper subset of W yields a handlebody. 
AMS (MOS) Subj. Class.: 57M99, 57M25 
handlebody unknotting arcs in handlebodies and S* x I 
primitive sets of loops adding 2-handles 
Introduction 
Throughout this paper, all manifolds will be assumed to be compact and orient- 
able, and all submanifolds properly embedded and in general position. 
A handlebody of genus n, n 20, is a 3-ball with n l-handles attached. 
A set {C, , . . . , C,,,} of disjoint simple loops in the boundary of a handlebody X 
is primitive if there exist disjoint disks D,, . . . , D, in X such that (C, n “Djl= 6,, 
1 S i,jS m (see Fig. 1). (1. . ./ d enotes cardinality.) By [9], this is equivalent to the 
existence of a basis {x,, . . . , x,} for the free group rrr(X) such that xi belongs to 
the conjugacy class determined by C, (with some orientation), for 1 s is m. 
Fig. 1. 
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If %’ is a set of disjoint simple loops in the boundary of an orientable 3-manifold 
X, 7(X; %‘) will denote the 3-manifold obtained by attaching 2-handles to X along 
the loops in (e. Note that if X is a handlebody and %’ is primitive, then 7(X; %?) is 
also a handlebody. Although the converse is easily seen to be false in general if 
1 %I > 1, we shall prove the following theorem, which answers a question raised by 
Hempel and Roeling in their unpublished manuscript [4]. 
Theorem 1. Let (e be a set of disjoint simple loops in the boundary of a handlebody 
X, such that 7(X; (e’) is a handlebody for all subsets %’ of %. Then % is primitive. 
The case 1 %‘I = 1 follows from the result of Whitehead [8] that a nontrivial element 
of finitely-generated free group is a member of a basis if and only if the quotient 
by its normal closure is free. Also, Hempel and Roeling in [4] give an algebraic 
proof for the case 1 %f = genus X = 2. (An alternative proof is given in [2, § 2.31.) We 
show that except for the case \%I = genus X = 2, Theorem 1 follows quickly from 
Jaco’s handle addition lemma [5] (see Lemma 1.1). 
Although a primitive set of loops in the boundary of a handlebody of genus n 
can have most n elements, the following theorem gives a characterization (analogous 
to the characterization of primitive sets given by Theorem 1) of ‘standard’ sets of 
n + 1 loops in the boundary of a handlebody of genus n (see Fig. 2). (For any set 
%‘, U % denotes the union of the elements of %.) 
Theorem 2. Let % be a set of n + 1 disjoint simple loops in the boundary of a handlebody 
X of genus n, such that 7(X; Z’) is a handlebody for all proper subsets W of % Then 
U % bounds a planar surface P in JX such that (X, P) = (P x I, P x (0)). 
C IIt1 
Fig. 2. 
Note that by Theorem 1, the hypothesis of Theorem 2 is equivalent to the statement 
that every n-element subset 5%” of % is primitive, and this is the form in which we 
shall prove the latter theorem (see Proposition 2.1). 
Proposition 2.1 is used in [2] in the analysis of Dehn surgery along the boundary- 
slope of a non-separating planar surface. Its proof is direct and combinatorial, and 
is the main concern of the present paper. 
We remark that Theorems 1 and 2 can be interpreted as unknotting theorems, as 
follows. Let .& be a finite set of disjoint arcs, either in a handlebody X or in S2 x I, 
where in the second case each arc has one endpoint in S’x{O} and the other in 
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S2 x {l}. Let us say that d is unknotted if, in the first case, U ti can be isotoped 
into dX, and in the second case, U & is isotopic to A x I for some A c S* with 
IAl = )&I. Recall that the exterior of ti is the closure of the complement of a regular 
neighbourhood of U &. Then it is clear that Theorems 1 and 2 have the following 
equivalent ‘dual’ statements, in which the 2-handles correspond to regular neighbour- 
hoods of the arcs. 
Theorem 1’. A finite set & of disjoint arcs in a handlebody is unknotted if the exterior 
of every subset of ~2 is a handlebody. 
Theorem 2’. Ajinite set&of disjoint arcs in S2 x I, each having one endpoint in S2 x (0) 
and the other in S2 x {l}, is unknotted zf the exterior of every nonempty subset of ti is 
a handlebody. 
We conclude this introduction with some notation. 
If % is a set of simple loops in the interior of a surface S, then a(S; %) will 
denote the surface obtained by doing surgery on S along the loops in %. Note that 
if S is contained in the boundary of a 3-manifold M, then (T(S; %) c a~( M; %). In 
the case of a single loop, we abbreviate a(S; {C}), T( M; {C}) to CT(S; C), r(M; C) 
respectively. 
If S is connected, then (%‘) will denote the normal subgroup of n,(S) generated 
by the conjugacy classes represented by the loops in (e. 
If y is a loop in S, then [y] will denote the element of r,(S) represented by y, 
for some choice of orientation of y and some choice of base-point for S on y. 
(These choices will usually be immaterial.) 
If 9 is a set of disks, then a9 will denote the set of boundaries of the disks in 9. 
A compressing disk for a surface S in the boundary of a 3-manifold M is a disk 
(0, FJD) c (M, S) such that aD is essential in S. If such a disk exists, then S is 
compressible; if not, then S is incompressible. 
1. Proof of Theorem 1 
We shall need the following handle addition lemma, which is due to Jaco [5] (for 
alternative proofs see [ 1,6,7]). 
Lemma 1.1. Let S be a compressible surface in the boundary of a 3-manifold M, and 
let C be a simple loop in int S such that S - C is incompressible in M. Then a( S; C) 
is incompressible in r(M; C). 
Let X be a handlebody of genus n, and let Ce = {C, , . . . , C,,,} be a set of disjoint 
simple loops in aX such that 7(X; %?) is a handlebody for all subsets %” of %‘. 
(Note that this implies that m s n.) Our goal is to show that 5% is primitive. We 
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argue by induction on m + n, the result being clearly true if n = 1. We therefore 
assume that n 2 2. 
First suppose that there exists a compressing disk D for aX -U %? in X. Then 
by definition 3D is essential in aX -l.J %‘, and since the hypothesis clearly implies 
that each loop in % is essential in 8X, it follows that aD is essential in ax. Hence 
the manifold Y obtained by cutting X along D is either a handlebody of genus 
n - 1 or the disjoint union of two handlebodies of genera n, , n2 with n,, n, < n. In 
any case, applying the inductive hypothesis to each component of Y shows that % 
is primitive in X. 
We therefore assume that 8X -U %? is incompressible in X. 
By the inductive hypothesis, {C,, . . . , C,_,} is primitive in X, and hence 8X - 
l-l:<“=;’ C, is compressible in X (since n 2 2). Applying the handle addition lemma 
(Lemma 1.1) with M = X, S = i?X - UE<‘=;’ Ci, and C = C,, we conclude that 
m-1 
&-(X; C,,,) - U Ci is incompressible in 7(X; C,). 
i=, 
(1.1) 
Now 7(X; C,) is a handlebody (of genus n - 1) by hypothesis, and our inductive 
hypothesis implies that {C,, . . . , C,_,} is primitive in Q-(X; C,,,). But this contradicts 
(1.1) unless m = n = 2. 
Finally, the case m = n = 2 is proved in [4] and also in [2,§ 2.31. 
2. Proof of Theorem 2 
As mentioned in the Introduction, Theorem 2 is a consequence of Theorem 1 
and the following proposition, to whose proof this section is devoted. 
Proposition 2.1. Let %Y be a set of n + 1 disjoint simple loops in the boundary of a 
handlebody X of genus n, such that every set of n loops in %? is primitive. Then IJ 59 
bounds a planar surface P in 8X such that (X, P) = (P x I, P x (0)). 
Since the proposition is clearly true for n = 0 or n = 1, we shall assume from now 
on that n 2 2. 
First we make the following simple observation. 
Lemma 2.2. Under the hypothesis of Proposition 2.1, aX - U % is incompressible in X. 
Proof. Let D be a compressing disk for aX - iJ %? in X. Since each loop in % is 
essential in 8X, 8D is essential in 8X. Thus X cut along D is either a handlebody 
of genus n - 1 or the disjoint union of two handlebodies of genera n,, n2 with 
n, + n, = n and n, , n2 < n. In either case some component Y of X cut along D must 
contain at least genus Y+ 1 loops in ‘%. These loops are homologically dependent 
in Y, and hence in X. But since genus Y + 1 s n, this contradicts the hypothesis that 
every proper subset of %’ is primitive in X. 0 
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Let %={C,,..., C,,,}. By hypothesis, {C, , . . . , C,,} is primitive. Hence there 
exists a dual system for {C, , . . . , C,,}, that is, a set of disjoint disks 9 = {D,, . . , D,,} 
in X such that 
IC,naD,l=8,, lSi,jsn. 
For such a 9, let 
j7i(9)=1Cn+, n&DiJ, 1 G is ?I, 
and define 
A dual system 9 for {C, , . . . , C,,} with p(9) minimal will be called a minimal 
dual system. 
Note that if some pi( 9) = 0, then the boundary of a small regular neighbourhood 
of C, u aL3, is an essential simple loop in aX -U Ce which bounds a disk in X, 
contradicting Lemma 2.2. Hence 
pi(9)>0, l<iGvt. (2.1) 
Let X0 be X cut along U 9. Then X,, is a 3-ball, with two copies 0: of each 
disk Dj in 6)X,, 1 s i G n. The loops in GZ appear on ax, as disjoint arcs in ax, - 
lJ:=, int 0: with their endpoints in Uy=, aD:. In particular, for 1 G i s n, Ci appears 
as a single arc joining aD; and DID’. 
The following statement, which we prove by induction on m, is the key ingredient 
of the proof of Proposition 2.1. 
For 1 s m G n - 1, the following assertion H(m) is true. H(m): the loops C, , . , . , C, 
may be indexed so that there exists a minimal dual system 9 = 9(m) for {C, , . . . , C,,} 
such that 
PI(g)=... =P,(~)~Ptn+,(~)~. . *>pn(S), 
and such that the arcs of C,,, that meet UE”=, Di appear on ax, exactly as shown in 
Fig. 3 (for some choice of labels f for each pair D:, 1 G is m). 
The proof of this will occupy most of the rest of this section. It will then only 
remain to show that H(n - 1) implies Proposition 2.1, which is relatively straight- 
forward. 
To see that H(1) holds, simply let 9(l) be any minima1 dual system for 
{CI,..., C,} and choose the indexing so that 
p,(~(l))~-. -~Pn(~b(l)). 
5 c2 
-. 
Fig. 3 
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So suppose that H(m) holds for some m, 1 G m s n - 2; we shall establish H (m + 
1). 
First we need a simple general fact. 
Lemma 2.3. Let VZi, i = 1,2, be a set of disjoint simple loops in a closed, connected 
surface S, such that (Z,) c (%*) in n,(S). Then, modulo 2-sphere components CT(S; %Yz) 
can be obtained by surgery on a(S; %,). 
To avoid interrupting the main argument, we relegate the proof of Lemma 2.3 to 
the Appendix. 
Returning to the situation at hand, we have the following lemma. 
Lemma 2.4. There exists a disk E in X such that 
(i) &tZnC,=@for 2<i<n+l; and 
(ii) [dE]&(aD,, . . . , dD,) in 5-,(8X). 
Proof. Since { C2, . . . , C,,,} is primitive, there exists a set % of n - 1 disjoint disks 
in X whose boundaries are disjoint from l-l:=‘: Ci, such that a(aX; a%) is a disjoint 
union of n tori. On the other hand, c~(aX; {a@, . . . , do,,,}) is a connected surface 
of genus n -m 2 2. Hence, by Lemma 2.3, (a%‘)g (do,, . . . , do,,,), and therefore 
some disk E in 55 satisfies the stated conditions. 0 
It turns out that it is convenient to relax condition (i) of Lemma 2.4 by allowing 
aE to meet C,, Cz, . . . , C,. Specifically, let E be a disk in X such that 
(1) aEnCi=@for m+l~i~n+l; 
(2) [iJEl@ (do,, . . . , OR,); 
(3) ~(E)=JdEn(iJd9uuU, Ci)l is minimal subject to (1) and (2). 
Consider an arc in E n (U 9) which is outermost on E (among all arcs of 
intersection). Let w be the arc in aE whose union with the given arc is the boundary 
of the corresponding outermost subdisk of E. (If E n (U 9) contains no arcs, we 
let w = 8E.) Thus either w = aE or P, # aw c “4 for some j, 1 s j G n; in the latter 
case we say that o is based at 0,. Note also that int w n (IJ d9) = 0. 
Recalling Fig. 3, orient C,, . . . , C, consistently (say from 0, to Dt, 1 S is m). 
Lemma 2.5. All intersections of w with IJE, Ci have the same sign. 
To more easily describe some of the constructions that follow, it is convenient to 
let A c ax, be a disk neighbourhood of 
as shown in Fig. 4. 
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Fig. 4 
For 1 s i G m, let p: be the minimal arc in aD: containing C,,,, n 8D’ (see Fig. 
5). (If p,(9) = 1, take EL: = 0.) Then we assume, as we may, that each component 
of dE n A is an arc which (see Fig. 6) either 
(i) has both its endpoints in aA and meets IJZ, C, in a single point; 
(ii) has one endpoint in p: and the other in pT+,, for some i, 1 G ii m - 1; 
(iii) has one endpoint in 3A and the other in aD:-pF, for some i, 1 G is m; or 
(iv) has one endpoint in dA and the other in ~7 or pz. 
Proof of Lemma 2.5. If the assertion of the lemma is false, there exists an arc 
w(, c int w whose endpoints are points of intersection of w with UE, C, of opposite 
sign, such that 
n+ 1 
f----g+ 
. . 
.^ 
_- 
_ 
F@ 
(i) 
Fig. 5. 
(ii) 
(iii) (iv) 
Fig. 6. 
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(See Fig. 7, to which the reader should refer throughout the present proof.) Define 
subarcs 0, of w, with w0 c wO c wof, as follows: oO = wO - oO n int A, and ~0’ is the 
arc obtained from wO by extending its endpoints out to ad. 
Let S-, St be the arcs in aA that join the endpoints of wO, 00’ respectively. 
Consider the (simple) loop LY- =w,u6-inaX.Sincea-n(Ua9)=0,cu-bounds 
a disk in X. Also, (~-n (l_I %‘) = 0. Hence, by Lemma 2.2, (Y- bounds a disk in 8X. 
Therefore, letting (Y+ be the loop wzu Sf, we have 
[ai] E (do,). . . , aLI,> in 7r,(aX). 
Let p be the (not necessarily simple) loop (8E - w,‘) u 6+. Note that, with suitable 
orientations of dE, /3, and CY+ and suitable choice of base-point, we have 
Therefore, since [dE] F? (do,, . . . , dD,> by hypothesis, the same is true for [p]. 
Similarly, since ?IE and cz+ are null-homotopic in X, so is /3. Finally, observe that 
By the ‘local’ version of the Loop Theorem (see, for example, [3, p. 47]), there 
exists a disk E’ in X, with aE’ contained in a neighbourhood of p, such that 
[aE’] i! (do,, . . . , dD,> and c(E’) s I/Y? n (U ~9 u iJz, C,)l< c(E). Since this 
contradicts the minimality of c(E), the lemma is proved. 0 
It follows from Lemma 2.5 that either 
(a) wn(UZ, C,)=O; or 
(b) Iw n (IJZ, Ci)l = 1; or 
(c) w is based at II,, where 1 s js m, and Iw n (IJzr Ci)( = 2 (see Fig. 11). 
We shall treat these three cases separately, and in turn subdivide (a) and (b) into 
subcases. Each case will actually lead to a contradiction except (b)(iii), where we 
shall show that H(m + 1) holds. 
Fig. I. 
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First we introduce some notation. If w is based at D,, then aw divides aDj into 
two arcs cy, p, where (Y (say) contains the point Cj n aDj (see Fig. 8). We define 
pa = Ia n C,+J, Pp = IP n G+,l. 
Thus 
pu +P, = P,(9). 
Case (a). There are two subcases. 
(i) w = aE. This contradicts Lemma 2.2. 
(ii) w is based at 4. If pp = 0, then the loop w up is disjoint from lJ % and 
bounds a disk in X. It therefore bounds a disk in 3X, by Lemma 2.2. This disk can 
be used to define an isotopy of aE which decreases laE n (U ag)l by 2, whilst 
leaving aE n (I., %) unchanged, contradicting the minimality of c(E). 
So we may suppose that pp > 0. Then the loop w u LY bounds a disk lZ, in X such 
that 
ICinaE,I=8,, l~isn, 
and 
IC,+, naEjI = pu <P,(S). 
The set of disks 8 obtained from 9 by replacing 0, by E, is then a dual system 
for{C,,..., C,} with p( Z’) <p(a), contradicting the minimality of 9. 
Case (b). Here w meets C,, say, in a single point, for some 1 G k< m, and is 
disjoint from C,, i # k. We distinguish three subcases. 
(i) w = aE. In this case the boundary of a small regular neighbourhood of C, u aE 
is an essential simple loop in aX -U % which bounds a disk in X, contradicting 
Lemma 2.2. 
Now suppose that w is based at Dj. Observe that w up bounds a disk Ek in X 
such that 
ICinaEkI=Sik, lsisn, 
and 
IG+, nal$l =pp. 
Fig. 8. 
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If we had pP <pk(%‘), then replacing D, by Ek would give a dual system Z% with 
p( ‘8’) < p(s), contradicting the minimality of 9. Therefore pp 2 pk (9). Since pk (9) 2 
p;(S) for all i by hypothesis, and pp up;, we have 
pp =p,(S), 1 s i<j. (2.2) 
In particular, since pp = pi(B), we have 
pa = 0. (2.3) 
We further subdivide this case as follows. 
(ii) o is based at D,, Jo m. Observe that w -w nint A is the disjoint union of 
two arcs w1 and w2, and let 6, , S2 be the arcs of aA that join the endpoints of w, , w2 
respectively (see Fig. 9). The loops w, u S1, w2 u S2 bound disks in X and are disjoint 
from IJ %‘. By Lemma 2.2, they therefore bound disks in ax. This implies that the 
loop o u (Y satisfies [w u cx] E (do,, . . . , aD,>. 
A 
.___.._- 
s 
1 
‘k c- 
_ -__. 
62 
Fig. 9 
Let y be the (not necessarily simple) loop (i3E -co) u a. Since, with suitable 
orientations and choice of base-point, 
[dEl= [rl[w u aI, 
it follows that y is null-homotopic in X and [-y]a (do,, . . . , do,,,). Furthermore, 
after a small homotopy which pushes (Y off c?D, in the appropriate normal direction. 
y satisfies 
]y n (u a?J)l= (aE n (u 4 -2. 
Also, since pa =0 by (2.3), we have 
1~ n (U WI = bE n (U %)I, 
a point of intersection of aE with Ck (namely, that of w with C,) having been 
replaced by a point of intersection of y with C, (namely, that corresponding to 
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(Y n Cj). Hence, applying the local version of the Loop Theorem to y, as at the end 
of the proof of Lemma 2.5, we derive a contradiction to the minimality of c(E). 
(iii) w is based at D,, j > m. Of the two disks bounded by w u (Y in 61x,, let B be 
the one containing C,, and let 6 be the arc aA n B (see Fig. 10). 
Let w = w - w n int A. Then the loop 6 u CY u 6 bounds a disk E, in X, where 
[C,ni1E,/=6,,, lSi<n. 
Hence the set of disks 9( m + 1) obtained from 9 by replacing D, by E, is a dual 
system for {C, , . . . , C,,}. The extremal disk D in A n B illustrated in Fig. 10 is either 
0: or 0;. In any case, since by (2.2) 
P;(S) =P,(g) =&n(B), 
and by (2.3), pa=O, we have P(B(m+l))=p(B), so that 9(m+l) is a minimal 
dual system. Note also that the intersections of C,,,, with U aS(rn + 1) satisfy the 
geometric condition described in the hypothesis H(m + l), modulo the indexing of 
the Ci. To complete the proof of H(m + l), we re-index {C,, . . . , C,} by giving C, 
the new name C,,, ), where v is the following permutation of {1,2, . . , n}: 
i 
5-(m+l)=j, 
if D= Dz: r(j) = m + 1, 
n-(i) = i, i#j, mfl; 
r(i)=i+l, lSi<j-1, 
if D = 0;: r(j) = 1, 
7r(i)=i, j+lSiSn. 
Fig. 10. 
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Case (c). Here o meets C, and C,, say, each in a single point, for some k Z 1, 
1 s k, IS m. As illustrated in Fig. 11, there exists a simple loop in ax, consisting of 
a subarc of w which is disjoint from C, and meets C, in a single point, together 
with an arc 6 in dA disjoint from C,,,,, which bounds a disk F in X. Then the 
boundary of a small regular neighbourhood of C, uaF is an essential loop in 
8X - IJ % which bounds a disk in X, contradicting Lemma 2.2. 
This completes our proof by induction that H(m) holds for 1 s m =S n - 1. 
We shall now show that H(n - 1) implies Proposition 2.1. 
Let 9=9(n-l)={D,,..., D,} satisfy the conditions stated in H(n - 1). We 
assume that 9 has been chosen so as to minimize IC,,,, n (U a9)l. Let A be as 
before (with m = n - l), and let A,, be a disk neighbourhood of 0, u 0: u C,, in 
ax,, disjoint from A, as illustrated in Fig. 12. Let A be the annulus 3X,, - 
(int A u int A,), and consider C,,,, n A. 
Lemma 2.6. NO arc of C,,,, n A has both its endpoints in the same component of aA. 
Proof. Assuming that the lemma is false, let (Y be an outermost such arc. Let (Y+ 3 a 
be the arc of Cnt, n (cTX,,-U~=~ int Df) that corresponds to a in the obvious way. 
There are three possibilities. 
(i) f3+ has both endpoints in either aD,, aDz_,, ?JD; or aDz; 
(ii) ff+ has one endpoint in aD; and the other in aD;_,; 
(iii) at has one endpoint in aD, and the other in aD;. 
f 
11. 
Fig. 
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In (i), we can clearly isotope the corresponding Di so as to reduce IC,,,, n (U a9)l 
by 2. 
Using the fact that C,,, is connected, it is easy to see that in (ii) we must have 
p,(9)=... =&l(g) = 1, P,(9) =O, 
and in (iii) we must have a+= C,,,, and 
p,(B)=l, p,(9)=...=p,(9)=0 
(see Figs. 13 and 14). But this contradicts the fact that p,(g)>0 for all i (see 
(2.1)). 0 
Let {xi, . . , x,} be the basis for rr,(X) corresponding to 9 = (0,) . . . , D,,}, so 
that the conjugacy class represented by a loop in 8X is obtained by reading off its 
intersections with 89 in the usual way. Thus (up to conjugacy) [C,] = Xi, 1 G id n, 
and Lemma 2.6 implies that 
[Cn+,l= jJ (x1 . . . 4--l)E’xi’, 
where p =p1(9) =. . . = p,,(g), and s,=il, rl,=fl, l~j~p. 
Since {C,, . . . , C_,, Cn+,} is primitive in X, the group 
r,(X)l(G, . . . > Cn_,, C,,,,) is infinite cyclic. But on the other hand this group 
clearly has quotient 
Ix, ) x,: x:=x’, = (x,x,)P = 11, 
which is noncyclic unless p = 1. 
a+ 
Fig. 13. 
Fig. 14. 
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Hence pi(9)=1, lsicn, and therefore lJ %? separates aX into two planar 
surfaces P and Q, where Di meets each of P and Q in a single arc, 1 s is n. It is 
now straightforward to define a homeomorphism of pairs (X, P) = (P x I, P x {0}), 
completing the proof of Proposition 2.1. 
Appendix. Proof of Lemma 2.3 
For i = 1,2, let W, be the compression body corresponding to qi. That is, regarding 
S as S x (1) c S x I, W, is T(S x I; V&) with 3-handles attached along the 2-sphere 
components of u(S; %Yi). Note that a W, is the disjoint union of a, W, and a_ W,, 
where 8, W, = S x (0) and a_ W, is c(S; VZe,) with all 2-sphere components removed. 
Also, a_ W, is incompressible in Wi. 
Since (%‘,) c (Y&), it is easy, using Dehn’s Lemma and the fact that W, is irreducible, 
to extend the identity map on S x (0) to an embedding of W, in W,. Regarding W, 
as a subset of W, in this way, let V be a maximal compression body in W,- W, 
with 8, V = a_ W, . Then a_ V is incompressible in W,. But it is straightforward to 
show that any closed incompressible surface in a compression body W can be 
isotoped into a collar of a- W, from which it easily follows here that a_ V is parallel 
to a_ W,. Hence, modulo 2-sphere components, 
u( s; Y&) = a- w, = a_ v 
can be obtained by surgery on 
a+V=a_W,=a(S; %,). 
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Note added in proof 
The analogue of Theorem 2’ for arcs in F x I, where F is a closed surface of 
positive genus, has recently been proved by C. Frohman, “An unknotting lemma 
for systems of arcs in F x I”, preprint. 
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